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Abstract. Let If be a pointed Hopf algebra over an algebraically closed field 
of characteristic zero. If if is a domain with finite Gelfand-Kirillov dimension 
greater than or equal to two, then H contains a Hopf subalgebra of Gelfand- 
Kirillov dimension two. 



1. Introduction 

The study of Hopf algebras of low Gelfand-Kirillov dimension (or GK-dimension 
for short) provides profound insight into basic properties of general Hopf algebras. 
Noetherian prime regular Hopf algebras of GK-dimension one were studied in [Til 
IT2"] . Recently, in their paper [5], K. R. Goodearl and J. J. Zhang have classified 
all noetherian Hopf algebras H over an algebraically closed field k of characteristic 
zero, which are the integral domains of GK-dimension two and satisfy the condition 
Fixt H (k, k) 0. After all the works listed above, it is natural to consider Hopf algebras 
of GK-dimension three. One way to understand a Hopf algebra with a higher GK- 
dimension is to find some of its Hopf subalgebras that are more familiar to us. As 
a small step toward this end, we will prove in this paper that for certain pointed 
Hopf algebras with GK-dimension > 2, there always exist a Hopf subalgebra of GK- 
dimension two. We hope the result would offer some help in classifying the Hopf 
algebras of GK-dimension three. 

The key step in achieving our main result is the analysis of the free pointed Hopf 
algebra F(t) (see Example 13.11 for the definition). In the classification result of [5], 
some of the Hopf algebras discussed there are the Hopf quotients of F(t). When 
t 7^ 0, F(t) is a typical example of infinite-dimensional pointed non-cocommutative 
Hopf algebras. On the other hand, if if is a pointed non-cocommutative Hopf algebra 
and y G H is a (1, ^-primitive element, then the Hopf subalgebra K generated by y 
and g^ 1 is a Hopf quotient of F(l). So it would be interesting to know more about 
the Hopf structure of Fit). 

In Section 3, it is shown that F(t), when t ^ 0, is coradically graded in the sense of 

Lemma 2.2] with respect to the y-grading. In the same section, we also determine 

all skew-primitive elements of F(t) when t ^ 0. It turns out that the coalgebra 

structure of F(t), when t ^ 0, is quite different from that of F(0). 
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By understanding the Hopf algebra structure of F(t), we obtain the following theo- 
rem on the existence of certain Hopf subalgebras of pointed Hopf algebras. Following 
the conventions in [T3], for any Hopf algebra H, we denote the set of group-like ele- 
ments in H by G(H), and the coradical filtration on H by {H n } n >o- Also, given a 
group G, we will use the standard notation k[G] to denote the group algebra of G over 
k. 

Theorem 1.1 (Theorem 15. 13[) . Let H be a pointed Hopf algebra over an algebraically 
closed field k of characteristic 0. If 2 < GKdimiJ < oo and H is a domain, then H 
contains a Hopf subalgebra of GK-dimension 2. To be precise, 

(1) // GKdimfc[G] = 0, where G — G(H), then H contains a Hopf subalgebra 
isomorphic to U(h), where h is a 2-dimensional Lie algebra. 

(2) 7/GKdimfc[G] > 2, then H contains a Hopf subalgebra isomorphic to kl? . 

(3) If H\ I) Hq — k[G] and GKdimfc[G] > 1 7 then H contains a Hopf subalgebra 
isomorphic to either A(b,£) or C(b + 1) (see Examvle \5. 1\ and \5.!ty) for some 
integer b and £ € k x . 

In fact, the characteristic zero condition is only used in part (1). Also, part (1) and 
(2) of Theorem 1.1 do not require H to be a domain. Moreover, as suggested by known 
examples, it is reasonable to conjecture that Theorem 1.1 still holds if H is weakened 
to a prime algebra, except that in part (3) we might have to include some other classes 
of Hopf algebras, besides A(b, £) and C(b +1), as possible Hopf subalgebras. 

The essential ingredient for proving the main result is the following theorem. 

Theorem 1.2 (Corollary I4.5[) . Let K be a pointed Hopf algebra with finite GK- 
dimension. If y E K\\Kq is a (1, g b ) -primitive element for some group-like ele- 
ment g =/= 1 and integer b, then there are bo,-- - ,b m ,/3 £ k and £ G k x such that 
f = b Q y + hgyg- 1 + ■■■ + b m g m yg- m € K^Kq and gf = tfg + f3g{g b - 1). 

In fact, Theorem 11.21 can be viewed as an infinite-dimensional analogue of the 
following theorem of D. §tefan. 

Theorem 1.3. [151 Theorem 2] Let H be a finite- dimensional pointed Hopf algebra. 
If H is not cosemisimple, then there exist two natural numbers m and n, with m ^ 1 
and m dividing n, an m-th primitive root u> of unity and two elements g,x € H such 
that 

(1) gx = uxg; 

(2) g is a group-like element of order n; 

(3) x £ P\, g and x m is either or g m — 1. 

With the notation in Theorem 11.31 it is easy to check that the Hopf subalgebra 

generated by g and x is a Hopf quotient of A(1,lu). 
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2. Preliminaries 

In this section, we give some basic definitions and properties related to coalgebras, 
which will be intensively used in the following sections. Throughout this paper, k al- 
ways denotes a base field which is algebraically closed of characteristic 0. All algebras, 
coalgebras and tensor products are taken over k. Given a group G, we will use the 
standard notation k[G] to denote the group algebra of G over k. 

Suppose that C is a coalgebra. Let G(C) be the set of group-like elements in C. An 
element y e C is called (g, /i)-primitive if g, h G G(C) and A(y) — y ® g + h®y. We 
use P g ,h(C) to denote the set of (g, /i)-primitive elements in C [21 p. 67]. If C = H 
is a Hopf algebra, we simply write P{H) for Pi^(H), the set of primitive elements in 
H. 

The coradical Cq of C is defined to be the sum of all simple subcoalgebras of C. 
The coalgebra C is called cosemisimple if C — Cq, pointed if Cq — fcG(G), and 
connected if Cq is one-dimensional. 

We now recall the definitions of graded coalgebras and coalgebra filtrations, which 
will play a central role in the following sections. 

Definition 2.1. Let C be a coalgebra. If 

oo 

(1) G = @ C(i) as /c-vector spaces, 

n 

(2) A(G(n)) C C(i) ® G(n - i) for any n > 0, 

i=0 

(3) e(G(n)) = for any n>l, 

oo 

then C = 0C(i) is called a graded coalgebra. 

i=o 

Definition 2.2. Let G be a coalgebra and {A n } n >o a family of subcoalgebras of G. 
Then {A n }„>o is called a coalgebra nitration if 

(1) A n C A n+1 and G = U n > A*, 

n 

(2) A(A n ) c£4j® Ai-i for any n > 0, 

i=0 

Starting from Go, one can build up a canonical coalgebra filtration {C n } of G, 
which is defined inductively by 

C n = A~ 1 (G (8 G„_i + C ®C). 

This filtration is called the coradical filtration of G. 

The following lemma is actually in the proof of [Ml Theorem 5.3.1]. 

Lemma 2.3. Let C be a coalgebra with coradical filtration {C n } and let I be a non- 
zero coideal of C. Then I D C± ^ {0}. Moreover, if C is pointed, then I contains a 
non-zero (g,h) -primitive element for some g, h £ G(G). 
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Proof. Consider the coalgebra map tt : C — >• C/I. Then the kernel of it \c ± is In C\. 
Suppose I n C\ = {0}, then tz\c x is injective. By [TH Theorem 5.3.1], it is injective. 
But this implies I = {0}, which contradicts the choice of /. 

Suppose further that C is pointed. The kernel of ir\ Pg is In P 5 ,/j(C). Suppose 
I n Pg : h(C) = {0} for any g,h G G(C), then 7r|p s is injective for any <?, ft, G G(C). 
By O Corollary 5.4.7], 7r is injective, which is a contradiction. □ 

oo 

Given a graded coalgebra C — (J) C*(i), one can define a coalgebra filtration 

i=o 

{AJn>o by setting A n = C(0) © ■ ■ • © C{n). The Hopf algebra (see Example l3Tl 
for the definition), which we will study in the following sections, has a natural graded 
coalgebra structure that is compatible with the coradical filtration in the following 
sense. 

oo 

Definition 2.4. Let C = C(i) be a graded coalgebra with coradical filtration 

i=0 

{C n }. Then C is called coradically graded if C = C(0) and C x = C(fl)$C(l). 
A graded Hopf algebra H is coradically graded if it is coradically graded as a graded 
coalgebra. 

The terminology is justified by the following lemma. 
Lemma 2.5. [31 Lemma 2.2] If C is coradically graded, then 

C m = C(i). 

3. Free Pointed Hopf algebra F(t) 

In this section we introduce the free pointed Hopf algebra F(t) and study some of 
its basic properties. 

Example 3.1. Let H — k(x ±1 ,y) be the algebra with relations xx^ 1 — x~ 1 x = 1, 
then H becomes a Hopf algebra via 

A(x) = x © x, A(y) = y © 1 + x t © y, 
S(x)^x^ 1 , S(y) = -x~ t y, 
e(x) = l, e(y) = 0, 
where t is any given integer. We denote this Hopf algebra by F(t). 

Proposition 3.2. The Hopf algebra F(t) has a k-linear basis 

{x il yx i2 y-yx in+1 (h, ■ ■ ■ ,i n+1 ) e Z n+1 , n e N}. 

Proof. This is standard from the diamond lemma. □ 

The Hopf algebra F(t) has several gradings, which turn out to be crucial in deter- 
mining its coradical filtration. 
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Proposition 3.3. There is a natural y-grading on F(t) under which F(t) becomes a 
graded coalgebra. 

Proof. The natural y-grading is given by setting deg y y = 1 and degyX^ 1 = 0. It is 
easy to check that F(t) becomes a graded algebra by this setting, since the relations all 
preserve the grading. This y-grading on F(t) induces a natural y-grading on F(t)®F(t) 
by defining deg y (/i <g> / 2 ) = deg y /i + deg y f 2 , where /i,/ 2 G F(t). Also notice that 
this grading on F(t) <8 F(t) is an algebra grading. 

By definition of a graded coalgebra, we only have to show that if h G F(t) is 
homogeneous of y-degree n, then so is A(/i). By Proposition ^. 2[ we may assume that 
h is of the form x^yx^y ■ ■ ■ yx ln+1 , where («i, • • ■ , i n +i) G Z" +1 . Now 

A(fo) = A(^)A(y)..-A(y)A(^)- 

Notice that A(x lj ) and A(y) are homogeneous of y-degrees and 1, respectively. The 
result then follows from the fact that F(t) (g> F(t) is a graded algebra with respect to 
the y-grading. This completes the proof. □ 

By analyzing the grading, we are actually able to determine the coradical of F(t). 
Notice that by construction, the degree zero part of F(t) with respect to the y-grading 
is just fc[:r ±:l ], the subalgebra of F(t) generated by x . 

Corollary 3.4. Let H = F(t). Then Hq = k[x ]. As a consequence, F(t) is a 
pointed Hopf algebra. 

Proof. By the previous proposition, H is a graded coalgebra with respect to the y- 
grading. The coalgebra grading induces a coalgebra filtration {A n } n >o on H with 
Ao = fc[x ±1 ]. By [Ml Lemma 5.3.4], Ao D Ho. On the other hand, Ao is spanned by 
group-like elements and thus fefa; 1 * 11 ] = Aq = Hq. □ 

There is also a natural x-grading on F(t) given by setting deg^, x ±x = ±1 and 
deg x y = 0. 

Remark 3.5. Note that F(0) is a cocommutative Hopf algebra. In this case, the 
Hopf structure is well understood. In fact, by [T31 Corollary 5.6.4, Theorem 5.6.5], 
F(0) t/(g)#fc[a; ±1 ], where g is the set of primitive elements in F(0). Actually, g 
is the free Lie algebra generated by {x n yx~ n \ n G Z}. It is easy to see that F(0) is 
coradically graded by setting dega^ 1 = and degf — 1 for any / G g. Moreover, it 
is not hard to prove that every non-zero Hopf ideal / of -F(O) is generated by elements 
in g and possibly an element of the form x n — 1 for some positive integer n. So in 
next section, we will focus on the case t ^ 0. 
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4. The coradical filtration of F(t) when t ^ 

In the section, we study the coradical filtration of the free Hopf algebra F(t) de- 
scribed in Example 13.11 with t ^ 0. We can further assume that t > 0, since it is 
obvious that F(t) = F(—t) as Hopf algebras for any integer t. We will show that H is 
a coradically graded Hopf algebra with respect to the y-grading. This is quite different 
from the t = case. In fact, if t = 0, then P(F(0)) is the free Lie algebra generated 
by {x n yx~ n \ n G Z}, which implies that there are primitive elements of any y-degree 
in F(0). 

Throughout this section, let H be the Hopf algebra F(t) with t ^ 0. The following 
proposition is crucial in proving that H is coradically graded with respect to the y- 
grading. For the rest of this section, we use H{n) to denote the fc-linear subspace 
spanned by homogeneous elements of y-degree n. 

Lemma 4.1. Any skew-primitive element in H has y-degree < 1. 

Proof. Suppose to the contrary that / is an (x a , x c )-primitive element of y-degree 
n > 2. Replacing / with x~ a f, we can assume that / is (1, a; b )-primitive for some 
integer b, that is to say, 

(4.1) A(/) = / <g) 1 + x b ® /. 

It is also clear from Proposition l3.3l that we can further assume that / is homogeneous 
of y-degree n. 

For any a = (i±, • • • , i n +i) £ denote the monomial x ll yx t2 y ■ ■ ■ yx l " +1 by M a 

n 

and ^2 is by T(a). Then we can write 

s=l 

/ = v a M a , 

where I is a non-empty finite subset of Z™ +1 and /j, a € k x for any a £ I. A direct 
computation shows that 

A(M a ) = M a <E> x T{a) + x T(a)+nt ® M a + w a , 

where w a G J2 H(i)®H(j). Hence 

i,j<n 
i+j = n 

(4.2) A(/) = Ma (M a ® x T ^ + x T ^ +nt (8 M a ) + w, 

where w G X) ^00 ® By comparing (|4.ip and (|4.2[) we see that T(a) = for 

i,j<n 
i+j = n 

any a G I, and 6 = rub. 

Define two bijective maps a and r from Z™ +1 to Z™ +1 by 

0"(*1) ' • • ,in+i) = (—in+i - t, -i n — t, ■ ■ • , -i% - t, 

r(ii, • • ■ , i„+i) = (ii -b,i 2 ,--- ,in+i)- 
6 
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Since the antipode S is an anti-algebra map, it is easy to check that S(f) — ( — ■*-)" ^qMi 

On the other hand, since S is the inverse to Idu under convolution, we have S(f) = 
—x~ b f, which implies that S(f) = — Yl ^a^Ua- It then follows that 

(4.3) ^2((-l) n fi a M aa + M Ta ) = 0. 

aex 

Choose (3 — (li, - ■ ■ i^n+i) € I. From (|4.3[> we see that there is j3' £ 1 such that 
T (3' = a(3, i.e. (t~ x o)P G 1. By induction, the set A := {(t -1 ct)*/3 | z > 0} is a 
subset of X. But it is easy to show that 

(r-V) 2s /3 - & + s(n - l)t, £ 2 ,---,£ n , L+i ~ s(n - l)t) 

for any s > 0. Since (n — l)i > 0, by comparing the first entry, it is clear that 
(t _1 (t) 2 ' s /3 ^ (r <r) 2s (3 whenever s ^ s'. Hence the set A is infinite, which is a 
contradiction. This completes the proof. □ 

Proposition 4.2. H is a coradically graded H op f algebra with respect to the y-grading. 

Proof. By Corollary [331 H = H(0) = fc[x ±1 ]. Also it is easy to check that Hi D 
H(0) ®H(1). By [T31 Theorem 5.4.1], Hi is spanned by group-like and skew-primitive 
elements. By Lemma |4.1[ any skew-primitive element in H has y-degree < 1. Hence 
Hi C H(0) © H(l), which completes the proof. □ 

With this proposition, we can give a full description of all skew-primitive elements 
in H. For any h € H, we define deg h to be the pair (deg,,, h, deg y h). Notice that this 
(Z x N)-grading on H induces a (Z x N x Z x N)-grading on H ® i7. 

Proposition 4.3. Lei h be a skew-primitive element in H. Then deg y h < 1. J/ 
degy h — 0, i.e. h is a polynomial in x^ 1 , then h is of the form Xx a (x m — 1), where 
A G k x . a G Z and m is a positive integer. If deg y h = 1. then h is of the form 
f + Xx a (x t — 1), where A G k and f is homogeneous with deg / = (a, 1). 

Proof. By the definition of coradical filtration, h G Hi- By Proposition 14.21 Hi = 
H(0)®H(1). So deg y /i < 1. 

If deg y h — 0, then n is a polynomial in x^ 1 . Let /i = ^cnx 1 and suppose that h 
is (cc a , x 6 )-primitive for some a, 6 G Z. Then 

(4.4) A(/i) = A{^2a lX l ) =^a i x i ®x i . 
On the other hand, since h is (x a , ir b )-primitive, it yields 



(4.5) 



A(h) = h®x a + x b ®h. 
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By comparing (14.41) and (|4.5[) , we see that a* = if i ^ a and i ^ b. Therefore, 
ft. = a a x a + a^cc and 

(4.6) A(/i) =A(a a x a + a b x b ) 

=(a a x a + a b x b ) (g>x a +x b ® {a a x a + a b x b ) - a b x b ® x a - a a x b ® x a 

=h®x a + x b ®h-(a a + a b )x b ® x a . 

It then follows that a a = —a b ^ 0. Hence ft has the claimed form. 

If deg y ft = 1 , we can write h{x,y) = f\ + ■ ■ ■ + f s + g, where fi is homogeneous with 
deg/i = (dj, 1), and g is a polynomial in x^ 1 . First, we need to show s = 1. If not, 
we can rearrange fi so that ai > ci2 > • • • > a s . Suppose ft is an (x m , x n )-primitive 
element, that is, 

(4.7) A(ft) =h ® x m + x n <g> ft 

=/i ® x m + x™ ® A + ■ • • + / s ® x m + x n ® / s + • • • 
On the other hand, it is easy to check that fi is an (x ai , x ai+t )-primitive element, so 

(4.8) A(ft) =/i <g> x ai + a; ai+t ® /i + • • • + f s <g> x a = + a; as+t »/, + ••• 

Since s > 1, there is some j such that a, ^ m. From (|4.8|) . we see that fj ® is the 
non-zero component of A (ft.) in degree (cy, 1; dj, 0). But l|4.7l) implies that A(ft) has 
no component in degree (a.,-, 1; dj, 0). This is a contradiction. 

Now we can write ft, = f + g, where / is homogeneous with deg / = (a, 1). If g = 0, 
we are done. So assume g ^ and it suffices to show that g is of the form Xx a (x t — 1) 
for some X G k x . Note that / is a (x a , x a+t )-primitive element, so similar to the 
argument above, ft must be a (x a , a; a+ *)-primitive element. Hence <? is (x a 1 x a+t )- 
primitive. Then it follows from the previous case where deg y ft = that g is of the 
form Xx a {x t — 1), as desired. □ 

Corollary 4.4. Suppose that I is a non-zero Hopf ideal of H . Then I contains an 
element f of the form x m — 1 for some integer m or aoy + aixyx^ 1 + ■ ■ ■ + a n x n yx~ n + 
X(x f — 1), where oq, • • • , a n , X £ k and do, a n 0. 

Proof. Just combine Lemma 12.31 and Proposition 14.31 □ 

Corollary 4.5. Let K be a pointed Hopf algebra with finite GK-dimension. If y £ 
K\\Ko is a (1, g b ) -primitive element for some group-like element g ^ 1 and integer 
b, then there are bo, ■ ■ ■ , b m , (3 € k and £ £ fc x such that f = boy + bigyg^ 1 + • • • + 
b m g m yg- m £ Kt\K and gf = £fg + f3g(g b - 1). 

Proof. First we claim that there are ao, • • • , a n , X £ k with ao =/= 0, n > 1 such that 
aoy + a\gyg~ Y + ■ ■ ■ + a n g n yg~ n + X(g b — 1) = 0. If y is primitive, i.e. g b = 1, then 
the fc-linear space V spanned by {g l yg~ l | i £ Z} is a subspace of g, the /c-linear 
space spanned by all primitive elements in K. By the universal property of U(g), the 
inclusion g <^-» K extends to an algebra map r : [/(g) — > K . A direct calculation by 
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using the PBW basis of U(g) shows that t is also a coalgebra map. By [21 Theorem 
5.3.1, Proposition 5.5.3], r is injective. It then follows from [5J Lemma 3.1] that 
GKdim?7(g) < GKdimJi" < oo. Now we have dim*, V < dim^ g = GKdim[/(g) < ao. 
Hence a$y + a\gyg~ x + ■ ■ ■ + a n g n yg~ n = 0, for some ao, • • • , a„ € k with ao ^ and 
n > 0. If g is torsion with the order n > 2, then y — g n yg~ n = 0. If g is torsion-free 
and b ^ 0, the Hopf subalgebra generated by ?/ and g ±x is a Hopf quotient of F(b) 
where 6/0. Now the statement follows from Corollary 14.41 

Choose n to be minimal. Since y G Ki\Kq, we have n > 1. Let £ be a root of the 
polynomial ao + ais + • • • + a n s n , and set bo + b%s + • • • + b n -is n = (ao + ais + 

• • ■ + a n s n )/(s - 0- Let / - fo oy + feisra- 1 + • • • + bn-ig^yg-^. K / e #o, 

then / G Pi^{K) C\ K = k(g b - 1). The equality Pi !9 b( J ftT) n i^o = fc(3 b - 1) can 
be verified by straight calculation since K is spanned by group-like elements. Hence 
/ = 7(.o b — 1) for some 7 £ k, which contradicts the minimality of n. As a consequence, 
/ G Ki\Ko- By the choice of /, we have gfg^ 1 — £/ + /3(g b — 1) = for some (3 e fc. 
This completes the proof. □ 

5. Main Theorem 

This section is devoted to the proof of the main theorem (Theorem I5.13P . We 
also explain why the theorem fails if some of the conditions are weakened. To begin 
with, we list two classes of Hopf algebras of GK-dimension 2, which are defined in 
Construction 1.1 and 1.4]. It turns out that these two classes of Hopf algebras appear 
naturally as Hopf subalgebras of a large class of Hopf algebras (see Lemma |5.12[) . 

Example 5.1. Let A = k{g ±1 1 y \ gy = £yg), where £ G fc x . Then A has a Hopf 
algebra structure under which x is group-like and y is (1, g b ) -primitive. We denote it 
by A(b,0- 

Example 5.2. Let C = k(g ±1 ,y \ gy = yg + g b+1 — g) . Then C also has a Hopf 
algebra structure under which g is group-like and y is (1, g b ) -primitive. We denote it 
by C(b + 1). 

Remark 5.3. The definition of C(b + 1) in Example [5, Construction 1.4] is slightly 
different from Example [521 However, it is not hard to show that they are isomorphic as 
Hopf algebras. In [5j Construction 1.1 and 1.4], it is also shown that A(m, r) = A(n, q) 
if and only if (m, r) = (n, q) or (to, r) = (—71, q^ 1 ), and that C(to) = C(n) if and only 
if to = 71. Moreover, both classes are domains of GK-dimension 2. 

Lemma 5.4. Let H be a noetherian prime Hopf algebra of GK-dimension 2. Sup- 
pose that 7r : H —> K is a Hopf algebra projection to a domain LC. If K is neither 
cosemisimple nor connected, then 7r is an isomorphism. 

Proof. If 7r is not an isomorphism, then I := kerir 7^ 0. By Goldie's Theorem, the ideal 
/ contains a regular element. By [51 Proposition 3.15], GKdimiC < GKdimi/ — 1 = 1. 
Since there is no algebra with GK-dimension strictly between and 1, GKdim_ftT = 
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or 1. By assumption, K is not finite-dimensional, so GKdim = 1. By [5J Lemma 
4.5], K is commutative. Hence K is a commutative Hopf domain with GKdim i-T = 1. 
But by Proposition 2.1], K is either a group algebra or an enveloping algebra. 
Hence K is either cosemisimple or connected, which contradicts the assumption. □ 

The next three lemmas are known. However, I am not able to locate them in 
literature and thus the proofs are included. 

Lemma 5.5. Let G be a finitely generated group which acts on a finitely generated 
k-algebra A. Suppose that there is a finite- dimensional generating k-subspace W of A 
such that W contains 1 and is stable under the action of G. Then 

GKdim ,4 * G = GKdim A + GKdim fc[G], 

where A * G is the skew group algebra. 

Proof. It suffices to assume that both GKdim A and GKdim fc[G] are finite. By [51 
Theorem 11.1], G has a nilpotent normal subgroup N with finite index. By Schreier's 
lemma, N is finitely generated. By [8j Proposition 5.5], GKdim A* G = GKdim A* N 
and GKdim k [G] = GKdim, k[N], Hence by replacing G with N, we can assume G is 
finitely generated nilpotent. 

Suppose that the group G is generated by the set S = {31,32, • • • ,3m}- Let gs(ji) 
be the number of distinct group elements that can be expressed as words of length 
< n in the specified generators and their inverses. Without loss of generality, we can 
assume that S is closed under inversion. By the definition of GK-dimension and that 
of group algebras, GKdimfc[G] = lim sup log„ gs (n). Moreover, if GKdimfc[G] < 00, 

n— >oo 

then GKdim k[G] = lim log„3s(n) (see [H Theorem 11.14]). Let V — W + Wgi + 

n— >oo 

• • • + Wg m . It is clear that V is finite-dimensional and generates A* G. 
First, we prove that GKdim A * G > GKdim A + GKdim k[G]. Notice that 

W n fi C (W + W 9l + • • • + Wg m f n = V 2n , 

i 

where /, runs through all words of length < n. So gs(n) ■ dim < dim!/ 2 ™. It then 
follows that 

GKdim A + GKdim k [G] = lim sup log„ W n + lim log„ 35(71) 

= lim sup log n (gs( n ) • diml4^ n ) 

n— >oo 

< lim sup dim V 2n < GKdim A*G. 

For the other direction, notice that 

{W + Wgx + ■ ■ ■ + Wg m ) n C £ W n f u 

i 
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where ft runs through all words of length < n. Here we use the fact that gjW = Wgj 
for any j. As a consequence, dim V" < gs{n) ■ dim FT™. Therefore, 

GKdim ^4 *G — lim sup log„ dim V n < lim sup log„ (gs (n) • dim FT") 

< lim sup log„ FT"™ + lim log n gs(n) 

= GKdim A + GKdim A: [G]. 

This completes the proof. □ 

Lemma 5.6. Let G be a group and N a finite normal subgroup of G. Then 

GKdim k[G] = GKdim k[G/N]. 

Proof. Notice that there is a surjective algebra map k[G] — > k[G/N]. By Lemma 
3.1], GKdim k [G] > GKdim k [G/N]. Now we prove the other direction. Denote G/N 
by G and k[N] by A. By [H Example 7.1.6], 

k[G] = A# a k[G], 

where a : k[G] <Z) k[G] — > A is a cocycle. The multiplication on A#erfc[G] is given by 
(5.1) (a#g)(b#h) = a(g.b)a(g, h)#gh, 

where a, b G AT and g,h € G. Here g.& is the image of g (8) 6 under a certain /c-linear 
map fc[G] <S> A — > A (see [HI §7.1] for details). For a £ A and g £ G, we can identify 
them in A^fcfG] with a#l and l#g, respectively. 

Let V be any finite-dimensional subspace of A# a k[G]. Then it is easy to see that 
V C A + Agi + • • • + Ag m for some g%, ■ ■ ■ ,g m £ G. Denote the set {<?i, #2, ■ • • , ffm} 
by iS and let gs{n) be as defined in the previous lemma. Notice that giA C Agi by 
(|5.ip . As a consequence, 



i 

where runs through all words of length < n in G. Therefore, 

lim sup log n dim V n < limsuplog n (^5(n) • dim A) 

71— J- 00 n^-oo 

= limsuplog n g s {n) 
< GKdim k [G]. 

Hence GKdim fc[G] < GKdim k [G], as desired. □ 

The proof of Lemma [531 is similar to the proof of [§1 Proposition 1]. It seems that 
Lemma l5.6l is a corollary to Lemma l5.5l However, there is some slight difference since 
we need to take the cocycle a into consideration. In fact, as we can see in the proof, 
the cocycle does not contribute to the GK-dimension because N is finite. One might 
ask whether GKdim k[G] = GKdim k[N] + GKdim k[G/N] if N is not finite. The 
answer is negative (see Example 15.171) . 
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Lemma 5.7. Let G be a totally ordered group acting on a prime ring A. Then the 
skew group ring B = A * G is also prime. 

Proof. For any non-zero elements r, s £ B, we need to show rBs ^ 0. Note that B is 
G-graded. Let ag and cf be the leading terms of r and s respectively, where a, c G A 
and g,f £ G. Since A is prime, there exists & G A such that a&c ^ 0. Then 

(a 5 )(^y i)( c/ ) = abcf ? 0. 
Hence r(6 9 1 g~ 1 )s ^ 0, which completes the proof. □ 

Now we are ready to prove the main theorem of this paper. We start with the case 
when H is pointed and cosemisimplc, i.e. H = k[G] for some group G. Before proving 
the proposition, we list some well-known facts about groups. 

For a group G, we have the upper central series 

{1} = Z (G) c Zi(G) C Z 2 (G) • • • c Zi(G) c • • • , 

where Z l+l {G) / Z t (G) is the center of G/Z^G). If Z r - t {G) C Z r (G) = G for some r, 
then G is called a nilpotent group of nilpotency class r. 

Lemma 5.8. Let G be a nilpotent group. Then the following statements are true. 

(1) Every subgroup of G is nilpotent. 

(2) The elements of finite order form a normal subgroup T such that G/T is 
torsion-free. 

(3) If G is finitely generated, then every subgroup of G is also finitely generated. 

(4) The group G is finite if it is generated by a finite number of elements each 
having finite order. 

(5) If G is torsion-free, then G/Zi(G) is torsion-free for each i > 0. 

Proof. The first statement is easy. Statements (2), (3), (4) and (5) are [T31 Theorem 
9.16], 13, Corollary 9.18], [HI Theorem 9.17] and gj Lemma 8.2.3] respectively. □ 

Proposition 5.9. Let G be a group. If 2 < GKdim/c[G] < oo, then G has a subgroup 
isomorphic to Z 2 . 

Proof. By the definition of GK-dimension, 

GKdim k[G\ = supGKdimS, 

B 

where B runs through all finitely generated subalgebra of k[G]. It is easy to see that 
every finitely generated subalgebra B of k[G] is contained in some k[L] where L is a 
finitely generated subgroup of G. Hence 

GKdim k[G] = sup GKdim k[L], 

L 

where L runs through all finitely generated subgroups of G. By 8, Theorem 11.1, 

11.14], GKdim k[L] must be an integer. So there is a finitely generated subgroup N of 
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G such that GKdim A; [iV] = GKdim k [G] . Now by [HI Theorem 11.1], N is nilpotent by 
finite, which means that N has a nilpotent subgroup P with [N : P] < oo. Then by 
[8j Proposition 5.5], GKdim k[P] = GKdim k[N]. Also, by the same argument above, 
we can assume that P is finitely generated. Therefore by replacing G with P, we can 
assume that G is finitely generated nilpotent. 

First, we deal with the case that G is torsion-free. If the nilpotency class r = 1, 
i.e. G is abelian, then G must be a torsion-free abelian group of rank > 2. Let N be 
a subgroup of G with rank 2, then N = 1? . If G has nilpotency class r > 2. Choose 
h e G \ Zx{G). By Lemma [EU part (5), (h) n Zi(G) = {1}. Let g <= Zi(G) \ {1}. 
Then by the choice of h, the subgroup N generated by g and h is isomorphic to Z 2 . 

For the general case, let T be the set of torsion elements in G. By Lemma \5. 81 T 
is a finite normal subgroup of G and G/T is torsion-free. By Lemma f5T6l we see that 
GKdim k [G/T] = GKdim k[G]. Now by the torsion- free case, there is a subgroup B 
of G such that S/T = Z 2 . By [U Lemma 8.2.4], B has an abelian subgroup N such 
that [5 : N] < oo. Then GKdim k[N] = GKdim jfe[B] = GKdim fc[-B/T] = 2, by [El 
Proposition 5.5] and Lemma l5.5l Hence N is an abelian group of rank 2, which means 
that it has a subgroup isomorphic to 1? . This completes the proof. □ 

Next we will deal with the case when H is a connected Hopf algebra. Before that, we 
need a lemma on the existence of 2-dimensional Lie subalgebra of a finite-dimensional 
Lie algebra. 

Lemma 5.10. Let g be a finite- dimensional Lie algebra, //dimfc g > 2, then g has a 
Lie subalgebra of dimension 2. 

Proof. If g is nilpotent, by [6, 3.2, Proposition], the center of g is non-zero. Choose a 
non-zero element x in the center and another element y which is not a scalar multiple 
of x. Then the subspace of g spanned by x and y is a 2-dimcnsional Lie subalgebra. 

If g is not nilpotent, by Engel's Theorem, there exists an element x which is not 
ad- nilpotent. Hence the linear map ad a; has a non-zero eigenvalue A with eigenvector 
y. Then the A;-linear span of x and y is the desired Lie subalgebra. □ 

Proposition 5.11. Let H be a connected Hopf algebra. If 2 < GKdimi? < oo, then 
H contains a Hopf subalgebra isomorphic to U(h), where h is a 2-dimensional Lie 
algebra. 

Proof. Let K be the Hopf subalgebra generated by P(H), the set of primitive elements 
in H. By [TH Theorem 5.6.5], K = t/(g), where g = P(H). First we claim that 
dim fc g > 2. 

If dimfc g = 1, then K = k[y], the polynomial ring of one- variable, as Hopf algebras. 
Obviously, K C H since they have different GK-dimensions. Let m be the smallest 
number such that K m C H m . By the construction of K, we have m > 2. Choose 
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Z G H m \K m . By [2J Lemma 5.3.2] and its proof, we can assume that 

A(z) = 1 ® z + z ® 1 + w, 

771—1 777—1 

where w 6 ^ H m _i<g)Hi = K m -i®Ki. Moreover, by replacing z with z — e(z)-l, 

7 = 1 7 = 1 

we can assume e(z) = 0. Notice that K = k[y] is coradically graded with the usual 
grading and therefore K n is spanned by all polynomials in y of degree < n. Also, 
the grading on K induces a grading on K® 1 by setting deg /i ® f% <g> • • ■ ® ft — 
deg fi + ■■■ + deg f(. Hence we can write 

w= a^y % ®y 3 . 

By the counit axiom, 

z = (Id ® e)A(z) = z+Y^ amy\ 

i<m 

z = (e®Id)A(z) = z + Y a ojV j - 

j<m 

Hence — and aoj — for any i, j < m. 
If m = 2, then 

A(z) = l(g)z + z®l + any ® y, 

Let z' = z — ^^y 2 ■ Then z' € H.2\K?, by the choice of z. But a direct calculation 
shows that 

A(z') = 1 ®z' + z'<g> 1. 

So z' S i?i = -ftTi, which is a contradiction. 
Now assume that m > 3. Define two maps 

d 1 :H ^ H®H and d 2 : H®H^H®H®H 

by c^fc) = 1®c-A(c) + c®1 and d 2 (c®d) = 1 ®c<g)d- A(c) ig> d + c<8> A(d) - c®d<3 1 
for any c,deH. By 7 ( Corollary XVIII.5.2], d 2 o d 1 = 0. Hence <9 2 (w) = 0. 

Let u — a ijV l ® 2/ J - Notice that the map 9 2 , when restricted from K <Ei K to 

i-\-j=m 

K <£) K (g) K, preserves the grading. Therefore d 2 (u) = 0. Also, by replacing z with 
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z — /3y m , where /3 = a m _i.i/m, we can assume that a TO -i,i = 0. Now, 

m— 1 

2=2 

m — 1 m — 1 

=1 ® 5^ am-i,il/ m_< <g> y l - ^ a^-i.iA^ 7 "-^ ® y l 

i=2 i=2 
m — 1 m— 1 

+ ^ am-i,itf m_< ® A(y l ) - a m _ M y m " 1 g> y* ® 1 

m-1 m-i-1 / .\ m — 1 i / -\ 

i=2 j=0 \ J J i=2 j—x \JS 

Since <9 2 (u) = 0, by comparing the coefficients of the terms y m ~ % <gi y z_1 ® y, we see 
that Om-i^ = for i = 2, • • • , m — 1. It then follows that 

A(z) = l(g)z + z(g>l+ a tj y l ®y j . 

i,j>l 
i+j<m-l 

But this implies that A(z) £ Ho ® H + H ® H m _2, i.e. 2 £ i? m -i = K m _x, which is 
a contradiction. 

Now if = t/(g) where g is a finite-dimensional Lie algebra and dim^ g > 2. By 
Lemma fS-lOl g has a 2-dimensional Lie subalgebra h. Then U(h) is a Hopf subalgebra 
of K = J7(g), and thus a Hopf subalgebra of H. This completes the proof. □ 

Finally, we have to handle the case when H is neither cosemisimple nor connected. 

Lemma 5.12. Let H be a pointed Hopf algebra with finite GK-dimension. If H is a 
domain and is not connected, not cosemisimple, then H contains a Hopf subalgebra 
isomorphic to either A(b, £) or C{b + 1) for some integer b and £ £ fc x . 

Proof. Since H is not cosemisimple, by [HI 5.4.1], we can find g,y £ H such that 
g is group-like and y ^ Hq is (1, y b )-primitive for some integer b. Notice that g is 
torsion-free since H is a domain. Moreover, we can choose j ^ 1 since H is not 
connected. By Corollary 14.51 there are bo,-- - ,b m ,j3 £ k and £ £ fc x such that 
/ = 6 y + hgyg- 1 + ■■■ + b m g m yg- m £ H X \H Q and y/ = £/<? + f3g(g b - 1). 

Let K be the Hopf subalgebra generated by / and g ±x . By construction, K is 
neither cosemisimple nor connected. If £ / 1, by replacing / with /' = / — jz^(g b — 1), 
we have gf = £/'g. Hence if is a Hopf quotient of A(b, £). If £ = 1 and /3 ^ 0, by 
replacing / with /' = f3~ 1 f, we have {?/' = f'g + g(g b — 1), which means that if is a 
Hopf quotient of C(b + 1). If j3 = 0, K is a Hopf quotient of £). In all the above 
cases, we can apply Lemma T5. 41 which yields that K = A(b, £) or K = C(b +1). □ 



Combining the previous lemmas together, we have the main theorem of this paper. 

15 



16 



Theorem 5.13. Let H be a pointed Hopf algebra over an algebraically closed field k 
of characteristic 0. If 2 < GKdimiJ < oo and H is a domain, then H contains a 
Hopf subalgebra of GK- dimension 2. To be precise, 

(1) // GKdimfc[G] = 0, where G — G(H), then H contains a Hopf subalgebra 
isomorphic to U(h), where h is a 2-dimensional Lie algebra. 

(2) // GKdim fc[G] > 2, then H contains a Hopf subalgebra isomorphic to kl? . 

(3) If Hi I) Hq — k[G] and GKdimfc[G] > 1, then H contains a Hopf subalgebra 
isomorphic to either A(b, £) or C(b + 1) for some integer b and £ £ k x . 

Proof. Since GKdimff < oo, we have GKdimfc[G] < oo. 

If GKdimfc[G] = 0, then by assumption, G is trivial. Hence H is connected. By 
Proposition 15.111 H contains a Hopf subalgebra isomorphic to U(h), where h is a 
2-dimensional Lie algebra. 

If GKdimfc[G] > 2, then by Proposition 15.91 k[G], and thus H, contains a Hopf 
subalgebra isomorphic to kl? . 

Part (3) follows from Lemma T5. 121 □ 

Remark 5.14. It seems that in Theorem 15. 13[ if the condition that H is a domain 
is dropped, we can still find Hopf subalgebra of GK-dimension 2. By Proposition 15.91 
and Proposition l5 . 1 11 this is true if H is either a group algebra or connected. However, 
we still do not know how to deal with the case when H is neither a group algebra nor 
connected. 

One might ask whether Lemma 15.121 still holds if H is a prime ring instead of a 
domain. The answer is negative as shown in the following example. 

Example 5.15. Let E = k{x^ , ■ ■ • , x^ 1 , y | yxt + Xiy = 0, y 2 = x§ — 1, XiXj — XjXi = 
0) . Then E has a Hopf algebra structure under which Xi is group-like for i = 0, 1, • • ■ , n 
and y is (1, xq) -primitive. Denote this Hopf algebra by E(n). It is easy to check that 
E{n) is not connected, not cosemisimple. Notice that E(n) has a basis consisting of 
elements of the form x^ ■ ■ -x l ™y e , where e is either or 1. Since y e 6 E(n)\, the 
element x 1 q ■■■x t ™y IL is in E(n)x as well. Hence, E{n) = E(n)\. By |14[ Lemma 
5.2.12], every Hopf subalgebra H of E(n) has H = H\. However, for D = A(b, £) 
or C(b + 1), it is easy to find elements in D2\D\. So E{n) has no Hopf subalgebra 
isomorphic to either A(b, £) or C(b + 1). 

If n = 0, the statement follows from |121 Lemma 2.3 and 2.6]. If n > 1, then 
there is a Hopf projection from E{n) to H — klxf 1 , ■ ■ ■ ,x^} = k\L n \. Hence by [141 
Proposition 7.2.3], E(n) = A#H, where A — E{n) coH . In fact, A is the subalgebra of 
E{n) generated by y and x^ 1 . So A is a Hopf subalgebra isomorphic to E(0), which 
is prime of GK-dimension 1. Then it follows from Lemma 15.51 and \5. 7| that E(n) is 
prime with GKdim_E(n) = n + 1. 
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The next example shows that Theorem 15.131 fails if the Hopf algebra H is not 
pointed. 

Example 5.16. Let H be 0(SL2(k)), the coordinate ring of the algebraic group 
SIi2(k). It is well known that H has a 4- dimensional simple subcoalgebra, so H is 
not pointed. By [TJ Theorem 1.2.10], H is a noetherian domain. Also, GKdxrnH = 3 
by [101 Corollary]. 

Now, H is a commutative noetherian domain of GK-dimension 3. Moreover, by [141 
§2.4], H is cosemisimple. So any subcoalgebra of H is also cosemisimple by [141 Lemma 
5.2.12]. If H has a Hopf subalgebra K of GK-dimension 2, then by [5J Proposition 
2.3], K must be isomorphic to an enveloping algebra U(g), where g is 2-dimensional 
abelian, or a group algebra kT , where V is free abelian of rank 2, or a Hopf algebra 
A(b, 1) for some nonnegative integer b. Since f/(g) and A(b, 1) are not cosemisimple, 
K is of the form kT. But the only invertible elements in H are just non-zero scalar s. 
Therefore, H has no Hopf subalgebras of GK-dimension 2. 

Another question is whether a Hopf algebra with GK-dimension > 3 contains a Hopf 
subalgebra of GK-dimension three. The answer is negative. In fact, this statement is 
not even true for group algebras, as shown in the following example. 

Example 5.17. Let G be the free nilpotent group of class 2 on generators x and y. 
Thus, if we write z := [x,y], then 

[x,z] = [y,z] = 1. 

It is easy to check that Gx = Z(G) = (z). By [5J Theorem 11.14], GKdimfc[G] = 4. 
By construction, G/Gx = Z 2 . Hence 

GKdimfc[Gi] + GKdimfc[G/Gi] = 3 < 4 = GKdimfc[G], 

which gives a negative answer to the question given after Lemma \5.b\ 

Notice that every Hopf subalgebra of k[G] must be of the form k[L] where L is a 
subgroup of G. Therefore, to show k[G] has no Hopf subalgebra of GK-dimension 
three, we only need to show that G has no subgroup of cubic growth. Suppose to the 
contrary that N is a subgroup of G with cubic growth. 

If N has nilpotency class 1, then N must be a finitely generated torsion-free abelian 
group of rank 3, i.e. N = Z 3 . Notice that we have an exact sequence of groups, 

1 -> N n Gi -> N -> N/N n Gx -> 1. 

If N n Gx — {1}, then N embeds in G/G\, which is impossible since G/Gx has only 
rank 2. Hence N n Gx has rank 1, which implies that N/N n Gx has rank 2 and 
Gx/N n Gx — (N + Gx)/N is finite. By considering the exact sequence 

1 N/N n Gx -4 G/Gx -> G/(N + Gx) -> 1, 

we see that G/(N + Gx) is also finite. It follows that G/N is finite. Then by [SI 
Proposition 5.5], GKdimfcfG] = GKdimfc[_/V], which is a contradiction. 
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Now suppose N has nilpotency class 2. Then N\ is a non-trivial subgroup of G\, 
so it must have rank 1. By Theorem 11.14], N/N\ has rank 1. Choose w 6 N\N% 
such that the image of w in N/N\ is torsion-free. Denote (w,Ni) by P, then N/P is 
finite. On the other hand, w commutes with N\. Hence by construction, P is abelian 
of rank 2. Now GKdimA^ = GKdimP = 2 since N/P is finite. But this again is a 
contradiction. 
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